THE MODIFIED COMPLEX BUSEMANN-PETTY 
PROBLEM ON SECTIONS OF CONVEX BODIES. 

"(^" ■ MARIS A ZYMONOPOULOU 

O 

ir^ , Abstract. The complex Busemann-Petty problem asks whether origin 

symmetric convex bodies in C" with smaller central hyperplane sections 
necessarily have smaller volume. The answer is affirmative if n < 3 and 
negative if n > 4. Since the answer is negative in most dimensions, it 
is natural to ask what conditions on the (n — l)-dimensional volumes 
of the central sections of complex convex bodies with complex hyper- 
planes allow to compare the n-dimensional volumes. In this article we 
■^T ' give necessary conditions on the section function in order to obtain an 

[j, , affirmative answer in all dimensions. The result is the complex analogue 

• ■ of [KYY]. 

-(— > 

B: 

1. Introduction 

The Busemann-Petty problem was completely solved in the late 90's as a 
V^ ■ result of a series of papers of many mathematicians ( [LR] , [Ba] , [Gi] , [Bo] , 

^ : [Lu], [Pa], [Ga], [Zhl], [Kl], [K2], [Zh2], [GKS]; see [K5, p.3] for the history 

of the solution) . The problem asks the following: 

Suppose K and L are two origin symmetric convex bodies in M" such that 
CIr , for every ^ G 5""^, 

00 - 

p ■ Voi„_i {K n e^) < Voi„_i {L n e^) 

Does it follow that 

'^: yoin{K) <voi„(L) ? 

H I The problem has an affirmative answer only if n < 4. Since the answer 

is negative in most dimensions, it is natural to ask what conditions on the 
(n — l)-dimensional volumes of central sections do allow to compare the n- 
dimensional volumes. Such conditions were found in [KYY]. The result is 
as follows. 
For an origin symmetric convex body K in M** define the section function 

5x(e) = VoU_i(i^ne^), ee5"-\ 

Suppose K and L are origin symmetric convex smooth bodies in R" and 
a E M with a > n — 4. Then, the inequality 

implies that Vol„(i^) < Vol„(L). If a < n — 4 this is not necessarily true. 
Here, A is the Laplace operator on M". 
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In this article we study the complex version of this problem. For ^ G 
C", \C\ = 1 we denote by 

n 
k=l 

the complex hyperplane perpendicular to ^. 

Origin symmetric convex bodies in C" are the unit balls of norms on C"^. 
We denote by || • \\k the norm corresponding to the body K 

K = {zeC'' : \\z\\k < 1}. 
We identify C" with M?"^ using the mapping 

? = (6> ■ ■ ■ ,^n) = (Cll +«Cl2, ■ ■ ■ ,^nl +iin2) ' > (?ll,Cl2, • • • ,Cnl,Cn2) 

and observe that under this mapping the complex hyperplane H^ turns into 
a (2n — 2)-dimensional subspace of M^" orthogonal to the vectors 

C = (C1I1C12, • • • ■,inl,in2) and i = (-62,61) • • • ,-'^n2,6l)- 

Since norms on C" satisfy the equality 

||Az|| = |A|||z||, VzgC", VAgC", 

origin symmetric complex convex bodies correspond to those origin sym- 
metric convex bodies K in M^" that are invariant with respect to any 
coordinate-wise two-dimensional rotation, namely for each 6 G [0, 27r] and 
each X = (xii,a;i2, • • • ,Xni-,Xn2) G IR^" 

\\x\\k = \\Re{xil,Xi2), . . ■,Re{Xnl,Xn2)\\K, (1) 

where Rq stands for the counterclockwise rotation of M^ by the angle 6 with 
respect to the origin. If a convex body satisfies (1) we will say that it is 
invariant with respect to all Rq. 

The complex Busemann- Petty problem ([KKZ]) can now be formulated 
as follows: Suppose K and L are origin symmetric invariant with respect to 
all Rq convex bodies in M^" such that 

Voi2„-2(i^ n Hi:) < Voi2„_2(i n H^) 

for each ^ from the unit sphere 5*^""! of M^". Does it follow that 

Vol2„(K) < Vol2n(i) ? 

As it is proved in [KKZ], the answer is affirmative if n < 3 and negative 
if n > 4. In this article our aim is to extend the result from [KYY] to the 
complex case. 

Let D be an origin symmetric convex body in C". For every ^ G C", |.^| = 
1, we define the section function 

ScDiO = Vol2„_2(I) n H^), vc G s^^-\ (2) 

Extending Scd to the whole M^" as a homogeneous function of degree —2 
we prove the following: 
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Main Result. Suppose K and L are two origin symmetric invariant with 
respect to all Rq convex bodies in M'^". Suppose that a G [2n — 6, 2n — 2), n > 
3.// 

{-^Y"Sck{0 < {-A^^'ScLiO, (3) 

for every ^ £ S"^""^. Then 

Vol2„(ir)<Vol2n(L). 

If a €z (2n — 7, 2n — 6) then one can construct two convex bodies K and L 
that satisfy ^, but YohniK) > YohniL)- 

This means tliat one needs to differentiate tfie section functions at least 
2n— 6 times and compare the derivatives in order to obtain the same inequal- 
ity for the volume of the original bodies. Note that if a = the problem 
coincides with the original complex Busemann-Petty problem. 

2. The Fourier analytic approach 

Throughout this paper we use the Fourier transform of distributions. The 
Schwartz class of the rapidly decreasing infinitely differentiable functions 
(test functions) in M" is denoted by 5(R"'), and the space of distributions 
over 5(M") by 5'(M"'). The Fourier transform / of a distribution / G 5'(M"') 
is defined by (/, (p) = (/, cj)) for every test function (p. A distribution is called 
even homogeneous of degree p G R if (/(x), (/>(x/a)) = |a|"+P(/, </>) for every 
test function (p and every a G M, a ^ 0. The Fourier transform of an even 
homogeneous distribution of degree p is an even homogeneous distribution 
of degree — n — p. A distribution / is called positive definite if, for every test 
function (p, {f,(j) * <P{—x)) > 0. By Schwartz's generalization of Bochner's 
theorem, this is equivalent to / being a positive distribution in the sense 
that (/, (/>) > for every non-negative test function (p. 

We denote by A the Laplace operator on M", and by | • I2 the Euclidean 
norm in the proper space. Then the fractional powers of the Laplacian are 
defined by 



((- 



,a/2.„\^^ 1 



■^r f) =(^i-i2/(-)' (4) 

where the Fourier transform is considered in the sense of distributions. 

A compact set K C M" is called a star body, if every straight line that 
passes through the origin crosses the boundary of the set at exactly two 
points and the boundary of K is continuous in the sense that the Minkowski 
functional of K, defined by 

llrclli^- = min{a > : x G aK} 

is a continuous function on M". Using polar coordinates it is possible to 
obtain the following polar formula of the volume of the body: 
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\oln{K) = [ x{\\x\\K)dx = - [ \\9\\],''d9. 

A star body K in M" is called fe-sniooth (infinitely sooth) if the restriction 
of ||a;||x to the sphere S*""! belongs to the class of C^{S''-^) (C°°(5'"-i)). 
It is well-known that one can approximate any convex body in M" in the 
radial metric, d{K,L) = sup{|px(0 ~ P-l(OI) ^ ^ S"'^^}, by a sequence of 
infinitely smooth convex bodies. The proof is based on a simple convolution 
argument (see for example [Sch, Theorem 3.3.1]). It is also easy to see 
that any convex body in M^" invariant with respect to all Rg rotations can 
be approximated in the radial metric by a sequence of infinitely smooth 
convex bodies invariant with respect to all Rg. This follows from the same 
convolution argument, because invariance with respect to Rq is preserved 
under convolutions. This approximation argument allows us to consider 
only infinitely smooth origin symmetric convex bodies for the solution to 
the problem. 

If D is an infinitely smooth origin symmetric star body in M" and < A; < 
n, then the Fourier transform of the distribution ||x||^ is a homogeneous 
function of degree —n + k on M", whose restriction to the sphere is infinitely 
smooth (see [K5, Lemma 3.16]). 

We use a spherical version of Parseval's identity, established in [K3] (see 
also [K5, Lemma 3.22]). 

Proposition 1. Let K and L he two infinitely smooth origin symmetric 
convex bodies in M" and < p < n. Then 



M7)"m\x\\r'^T(0d^ = (2^r / iix|i/iix|i^"+^dx. 



Let H be an (2n — 2)— dimensional subspace of M^" and p < 2n — 2. We 
fix an orthonormal basis , {ei, 62}, in the orthogonal subspace H-^. For any 
convex body D in M?"^ we define the function A£)^h,p as a function on M? 
such that 



Ad,h,p{'u) = / \x\2^dx, li G M , (5) 

JDnHu 

where Hu = {a; G M^" : {x, ei) = ui, (x, 62) = U2]- 

If the body D is infinitely smooth and 0<p<2n — m — 2, then Ao,H,p is 
?7i-times continuously difFerentiable near the origin. This can be seen from 
an argument similar to [K5, Lemma 2.5]. 
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In addition, if we consider the action of the distribution |u|2 ''~ /T{—q/2) 
on Ad^h,p we may apply a standard regularization argument (see [GS, p.71- 
74]) and define the function 

-,Ad,hA^)). (6) 



' \ r(-|) 

For q £ C with Reg < 2n — p — 3, the function is an analytic function of 
q.lfq<0 



lfq = 2d, deNUJO}, then 

-g-2 

- Ad,h,p{u) 



n-i) 



q=2d 



where A = J2i=i d'^/duf is the 2-dimensional Laplace operator (see [GS, 

p. 71-74]). Note that the function ^ is equal, up to a constant, to the 

fractional power of A'^''^Ad^h^p. (see [KKZ, p. 6- 7] or [K4, p. 6- 7] for complete 

definition). 

If the body D is origin symmetric the function Ad^h,p is even and for < 

q < 2 we have (see also [K5, p. 39]) 

/l \~''~^ \ 



2n , foo 



1 r,f-Ao^„,m-An.,,(0). ^gj 



r{-i)io Vo *'+' 

The following proposition is a generalization of [K4], (see also [KKZ, 
Proposition 4]) with k = 2. We prove it using a well-known formula (see for 
example [GS, p. 76]): for any v S M^ and q < —1, 

{vl + vl)^^ = ^-^^~^l^l-— r \{v,u)\-''-^ du. (10) 

^ ^ ^' 2r((-g-l)/2)7rV2 Jo 

Proposition 2. Let D he an infinitely smooth origin symmetric convex body 
in m?''. If -2 < q < 2n - 2, 0<p<2n-q-3. Then for every (2n - 2)- 
dimensional subspace H ofM?^ 



\u\ 



-q-2 



2 



r(-|) 



■,AD,H,pi'^) 



^ " ^ ^" "-2"+'2+P+2u|-p^^(0)^0, (11) 



7rr(4^)(2n-g-p-2) 

^ 52„-inH-L 



6 MARISA ZYMONOPOULOU 



Also, for every d £ NU 0, d < n — 1 



,d A ^n\ — ^~^^ f /^IUI|-2n+2d+p+2|^|-p^^ 

87r2(n-d-l) 






(12) 

Proof. First we assume that q £ (—2,-1). Then 
/l p"?^^ \ 1 f 

Using the expression ([5]) for the function Ad,h,p, writing the integral in polar 
coordinates and then using (llOp , we see that the right-hand side of the latter 
equation is equal to 

{{x,eif + (x,e2)^)^~|x|2^^x(lklb) dx 



r(^) jRn 



1 



/ ((e,ei)2 + (0,e2)2)"^||0||B"+'+'de 



2r(^^)^5(n-g-p-2) 



1 
X 



2r(^^)^5(n-^-p-2) 



r (f je\\^''+'^+P^'\{u,e,+U2e2,e)\-'-^ de]du. (13) 

Let us show that the function under the integral over [0, 27r] is the Fourier 
transform of ||x||^" '^ ^ l^^l^^ at the point uiCi + U2e2- For any even test 
function (j) G 5(M"'), using the well-known connection between the Fourier 
and Radon transforms (see [K5, p.27]) and the expression for the Fourier 
transform of the distribution |2;|2~ (see [K5, p.38]), we get 

//|i 11— n+(7+p+2| |-p\A ±\ _ i llo-ll^"+'?+P+2|^|— P 



ID 



I^IId \A2 4'i'^) dx 



oo 



^ , , r^+^c^frei) dr ] dd 



ll/ll|— n+g+p+2 

- ^ ||^||^"+'^+P+'(|r|''+i,(/.(re))(i0 



n / II- ilD 
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Since cp is an arbitrary test function, this proves that, for every y G IR"\{0}, 

- 2r((-,-i)/2) A„-J^''^)' ""'""^ ''■ 

Together with (fT3]) . the latter equahty shows that 

-q-2 

, ^D,H,p{u) 



S{-q/2) 
2-5-2^-1 






T{{q + 2)/2){n-q-p-2) 

(14) 
because in our notation 5" ^ n H^ = [0, 27r]. 

We have proved (fTljl under the assumption that g G (—2, —1). However, 
both sides of (|14p are analytic functions of (7 € C in the domain where 
— 2 < Reg < 2n — 2. This implies that the equality (jl4[) holds for every g 
from this domain (see [K5, p. 61] for the details of a similar argument). 

Putting q = 2m, m, G N U {0}, m < n — 1 in (J14p and applying ([8|) and 
the fact that r(x + 1) = xT{x), we get the second formula. D 



Brunn's theorem (see for example [K5, Theorem 2.3]) states that for an 
origin symmetric convex body and a fixed direction, the central hyperplane 
section has the maximal volume among all the hyperplane sections per- 
pendicular to the given direction. As a consequence we have the following 
generalization proved in [KKZ, Lemma 1] for p = 0. 

Proposition 3. Suppose D is a 2-smooth origin symmetric convex body in 
M^", then the function A£)^H,p is twice differentiable at the origin and 

AAd,h,p{0) < 0- 
Moreover, for any q G (0, 2), 

hur"-^ \ 

" ,^D,H,p(n) ) >0. 



\ ^(-2) 

Proof. Differentiability follows from the same argument as in [K5, Lemma 
2.4]. 

The body D is origin symmetric and convex, so, to prove the first inequal- 
ity we need to observe that the function u \ — > ^D,i:/.p(^)) n G M^, attains 
its maximum at the origin: 

If p = then it follows immediately from Brunn's theorem (see [K5, 
Theorem 2.3] and [KKZ, Lemma 1].) 
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Let p > 0. Since |x|^^ = p f^ x{z\x\2)z'^~^dz, we have that for any u £M? 

^D,H,p{u) = / \x\2^dx = p / / x{z\^\2)z'^^^dzdx 

JDnHu JDnHn Jo 

= p z'^^ / x{z\x\2)dxdz 

Jo JonHu 

= p z'i'^ / x{\\x\\D)dxdz, 

Jo JB{l/z)r\Hu 

where B{l/z) is the unit ball of radius 1/z, . Applying Brunn's theorem to 
the body B{l/z) D D, we have that the latter integral is 

<p z«^W xi\\x\\B{i/z)nD)dxdz = AD,H,pi^)- 

Jo J H 

If g € (0, 2) then T[—q/2) < 0. Hence, for the second inequality we use 
dlD to get that 

-9-2 \ 

j.fgT-,AD,H,p{'^)) 




^i^,HAm-Ao,H^^^.^^^ 



since A£i^H,p{u) < ^d,h,p(0), for every u G 1 

3. Distributions of the form |x|^'^||x||^'^ 

As in the modified real Busemann-Petty problem the solution is closely 
related to distributions of the form |x|^ ||x||~'^. 

First, we need a simple observation. The following lemma is crucial for 
the solution of the problem. 

Lemma 1. For every infinitely smooth origin symmetric invariant with re- 
spect to all Rq convex body D in M^" and every S^ £ S"^"^"^, the Fourier 
transform of the distribution |a;|2^ ||x||^'^, < (3,-/ < 2n is a constant func- 
tion on S'^'^-^nH^. 

Proof. The proof (see [KKZ, Theorem 1], when /3 = 0) is based on the 
following observation: 

The body D is invariant with respect to all Rq. So, because of the connec- 
tion between the Fourier transform and linear transformations, the Fourier 
transform of |x|^ ||x||^''' is also invariant with respect to all Rq. This im- 
plies that it is a constant function on 5"^""^ n H^ because this circle can 
be represented as the set of all the rotations Rg, 6 £ [0,27r], of the vector 

As a consequence of the above we have that 

x\^^\\x\r^^)\9)de = 27r(\x\f\\x\\-^-)\0- (15) 
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D 

Lemma 2. Let D he an origin symmetric invariant with respect to all Rg 
convex body in M?^,n > 3. If q £ (—2,2] and 0<p<2n — q — 3 then 
I^I2^^II^IIB" ^ "^ *'^'^ positive definite distribution. 

Proof. 

If p = then by [KKZ, Theorem 3], (||x||^^"+''+^)^ > 0, since 2n-g-2 G 

[2n-4,2n). 

Let p > 0. li q £ (—2, 0) then by equation ([7]) and Proposition [2] (formula 



(fTTI) ) we have that 



'^' ' ^ (||x||^2"+'^+P+'|x|2-^)^0)d0 



TTTm^){2n-q-p-2) 



-— - / \u\2'^ '^AD,H,p{'^)du>0. 



By Lemma dl the Fourier transform of the distribution |x|^^||x||^" ^ "^ 
is a constant function on S'^"'^^ H Hc~. So, 

X|2 ||-''||£) I ^ w, 

since r(2±2) > o, r(-f ) > and g < 2n - p - 2. 
Now, if g = 0, ([12]) and ([ED give that 

For the case where q £ (0, 2) we use Proposition [2] and the Remark to get 
that 

/l 1-9-2 \ 

-,Ad,H,pW ) 



r(-!) 



T{3^){2n-q-p-2) 
Then, by the generahzation of Brunn's theorem. Proposition [3l the desired 
follows. 

Lastly, if g = 2, ([I2D and ([IS]) imply that 

Combining this with Brunn's generalization, since the Laplacian of the func- 
tion Ao,H,p at is non-positive, we have that 
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D 
Before we prove the main result of this article we need the following: 

Lemma 3. Let D he an infinitely smooth origin symmetric invariant with 
respect to all Rg convex body in M^" and a G M. Then 

i-Ar/'ScniC) = ^^^^^{\-\2Mn'''-'riO (16) 

Proof. Let ^ G S^""^. As proved in [KKZ, Theorem 1], using the same idea 
as in Lemma [U (with r = 0) 

Yohn-2{DnH^) = ^^J_^^ (lk||B^"+^)^6. (17) 

By the definition of the section function of D, and equation (J17p we obtain 
the following formula: 

We extend Scd to the whole M^" as a homogeneous function of degree 
—2 and apply the definition of the fractional powers of the Laplacian. Then, 
since ||a:;||^ "'*' is an even distribution, equation (J16p immediately follows. 

D 



4. The solution of the problem. 

We consider the affirmative and negative part of the main result separately. 
The proof follows by the next two theorems. 

Theorem 1. (AFFIRMATIVE PART) Let K and L be two infinitely smooth 
origin symmetric invariant with respect to all Rg convex bodies in M?^. Sup- 
pose that a £ [2n — 6, 2n — 2), n > 3. Then for every ^ £ ^Sn-i 

(-Ar^'ScKiO < i-Ar^'ScLiO (19) 



implies that 



YolniK) < Vol„(L). 



Proof. The bodies K and L are infinitely smooth and invariant with respect 
to all Rg convex bodies. So by equation ([T6|) the condition in ([19]) can be 
written as 

/'lrnirl|-2"+2^^ < riTl"llTll~2"+2^^ (2Vl] 

We apply Lemma [2] with p = a and q = 2n — a — 4 so that the distribution 
1^1 2 11^ II X ^^ positive definite. By Bochner's theorem this implies that its 
Fourier transform is a non-negative function on M^"- \ {0}. By [K5, Lemma 
3.16], it is also continuous, since K is infinitely smooth. Multiply both sides 
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in (pOj) by(|x|^"||a;||^ ) and integrate over the unit sphere S'^"'^^. Then we 
can apply Parseval's spherical version, Proposition [H to get that 



f llrir^^r/r < / llTir2||r||-2"+2 ('21^ 



Then, by a simple application of Holder's inequality on formula (j2ip and 
the polar formula of the bodies (see Section 2.) we obtain the affirmative 
answer to the problem, since 



\ l/n / \ (n— l)/n 

2n Vol2„ (K) < 2n Vol2„ (K) 2n Yohn {L) 



D 



To prove the negative part we need the following lemma. 



Lemma 4. Let a G (2n — 7, 2n — 6). There exists an infinitely smooth origin 
symmetric convex body L with positive curvature, so that 

is not a positive definite distribution. 

We postpone the proof of Lemma [J] until the end of this section to show 
that the existence of such a body gives a negative answer to the problem. 

Theorem 2. (NEGATIVE PART) Suppose there exists an infinitely smooth, 
origin symmetric convex body L for which |x|^"||x||^ is not a positive 
definite distribution. Then one can construct an origin symmetric convex 
body K in ]R^",n > 3, so that together with L they satisfy / f7P|) . for every 

Vol2„(ir)>Vol2„(L). 

Proof. The body L is infinitely smooth, so by [K5, Lemma 3.16] the Fourier 
transform of the distribution |x|7"ll3;|l7 is a continuous function on the unit 
sphere S"^""^. Moreover there exists an open subset Q of S*^""^ in which 

i2"ll-^llL ) ^ ^- Since L is invariant with respect to all Re we may 
assume that Q is also invariant we respect to rotations Rg. 

We use a standard perturbation procedure for convex bodies, see for ex- 
ample [K5, p. 96] (similar argument was used in [KKZ, Lemma 5]). Consider 
a non-negative infinitely differentiable even function g supported on Q that 
is also invariant with respect to rotations Rg. We extend it to a homogeneous 
function of degree —a — 2 on M.'^'^. By [K5, Lemma 3.16] its Fourier trans- 
form is an even homogeneous function of degree — 2n + a + 2 on M'^", whose 
restriction to the sphere is infinitely smooth: (g(x/|x|2)|x|2^"^ ) {y) = 
^(y/|y|2)|y|^^"+"+^ where h G C°^(52"-i). 

We define a body K so that 

II ||-2n+2 _ II ||-2n+2 I I \-2n+2ul' ^ \ 

W^Wk — IFIIl "r^Fl2 Mt-I '' 

I 2 



12 MARISA ZYMONOPOULOU 

for small enough e > so that the body K is strictly convex. Note that K is 
also invariant with respect to all Rq. We multiply both sides by ^^/ _-^n [xlf 
and apply Fourier transform. Then 

since g is non-negative. 

On the other hand, we multiply both sides of ()22p by ( |x|^"||2;||^ 1 and 
integrate over the sphere, 

/ (\x\-:,''\\x\\-L'X{e){-/:^Y'^ScK{e)de 



> I (\x\:^''\\x\\iA\e){-/^Y/^ScL{e)de, 

since ( |x|^"||x||^ j < on the support of g. Using equation (fT6|) and the 
spherical version of Parseval's identity, the latter becomes 

lkll7'lkllA''"+' > / Mf^'dx. 

As in Theorem [1] we apply Holder's inequality and the polar representation 
of the volume to obtain the desired inequality for the volumes of the bodies. 

D 
Proof of Lemma [4l The construction of the body follows similar steps 
as in [KYY]. We put q = 2n — a — 4, so q £ (2, 3). From the definition of 
the fractional derivatives, Proposition [2] and the Remark we see that for a 
^ G 52n-i ^g need to construct a convex body D so that 

/ / t-''-^i^AD,H„am-AD,H,AO)-^AD,H„aiO)-)dtde<0 

since r(-f) > for g G (2,3). 
We define the function 

f{\u\) = (1 - \u\l - Ar|u|4)2^^^^, ueR^ 

and consider the body D in M?^ as 

D = |(2;ii,a;i2,...,x„i,x„2) e M^" : \x\2 = |(x„i,x„2)|2 G [-on, on], 
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n-1 



(E4)'''</(i^b)}' 



1=1 

J = l,2 



where oat is the first positive root of the equation f{t) = 0. Prom its defini- 
tion, the body D is strictly convex with an infinitely smooth boundary. We 
choose ^ G g2n-i ^^ ^YiQ direction of x. For n E M'^ with \u\2 G [0,0^?], we 
write equation ([5]) in polar coordinates and get that 



,{u) =11 {r' + \u\l) 

Js}"-^ Jo 



AnM.Ju) = I I (r' + Ui)~^r^^-^drd9 



r-/(H2) 

J St"--' JO 

= |5f -=^| / (r^ + |u|2)-f r2"-3dr, 

Jo 

where l*?^"""^! is the volume of the (2n — 3)-dimensional unit sphere. Note 
that if |u|2 > On then A£)^H^,aiu) = 0. Moreover, li u = tO, t G [0, oo) and 
9 £ S^, the parallel section function A£i^Hi.,a{t9) is independent of 6 since 

rf{t) 
AD,H„am = |5'"''| / (r' + t')-^r2"-3dr. (23) 

Jo 

Hence, we need to prove that the above construction of the body D gives 
that 

j t-''-^[AD,H,,am-AD,H,A^)-^AD,H,,M^)dt<Q. (24) 

Note that the condition \u\2 G [0,aAf] is now equivalent to i G [0,aAr]. In 
order to prove the above we first compute 

I Q2n-3| 

Ad,h.A^) 



1 a 

+ 



2n — a 
and 

AAn,H,AO) = -\S''"-% 

^ i2n — a — 2 2n — a 

Let f3]\f be the positive root of the equation 1 — t^ — Nt^ = t'^'^^. We split 
the integral in (p^ in three parts: [0,/3Ar], [(3iy,aiy] and [aAr,oo) and work 
separately. It is not difficult to see that for large A^, aN,f3N — N~i. Also, 
for every t G [0, un], f{t) > and f{t) > t if and only if i G [0, Pn]- 

For the first part, the interval [0,/5Ar], since f{t) > t, the 2-dimensional 
parallel section function Aij^Hf,a can be easily estimated if we split it into two 

integrals. For the second we use the inequality (l+x)^'^' < 1 — 70; + ^^^^ — -x'^, 
for 7 > and < x < 1. Then 

\r^ + ^2)-! ^2n-3^^ < /■* ^~a+2n-3^^ ^ 1 

Jo 2n-a-2 
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t Jt 



a t^ a{a + 2) t^ 



1- 0- + 
2 r^ 



„2?i— a— 3 



dr 



^2n a 2 a n r 

-r 



2n-a-A aia + 2) , r 



2n—a—& 



2n-a-2 2 2n-a-4 



+ 



2n — a — 6 



m 



2n-a-2 2 2n-a-4 



+ 



2n — a — 6 



Ct 



2n-a-2 



where C 



+ 



a(a+2) 



> 0, since n > 3 and a G 



2n-a-2 2{2n-a-4) ^ 4(2n-o-6) ^ ' 

(2n-7,2n-6). 

We now use the definition of the function / and the inequahty (1 — x)'^ > 

1 — ^x{l — x)'^~^ , for < 7 < 1 and < x < 1. We then write 



l-f-Nf^ at^{l-t^-Nt^) 
2n-a-2 2 



2n - a - 4 



2n — a. — 6 



< 



1-t^- Nt^ 



at^ 



2n — a — 6 



+ 



at^{t^ + Nt^) 



+ 



2n-a-2 2{2n - a - 4) 2{2n - a - 2){l - t^ - Nt^)^^^=^^ 
a{a + 2)t^ a{a + 2) t^{t^ + Nt^) 



4(2n-a-6) 4(2n - a - 2) (^]^ _ ^2 _ ^^^4^2;^:^ 
Hence, we have that 



Ct 



2n-a~2 



t-''-^AD,H„am - AD,H„a{0) " AAd,j^, „(0)- ) dt 



-,-1 1 Ct''n-a-2 _ ^^4 ^ ^ tHt'' + Nt^ 



t\t'+Nt^ 



(l-t2_Art4)2;rrTj:r2 



(l-t2_Art4)2;7^7jr2 



dt. 



where E 



> 0, F 



2{2n-a-2) 

—^ — - — > 0, for N large enough. 



a(a+2) 
2n-Q-2 



(25) 



> and D 



N 



2n~a~2 



4(2n-«-6) 

Now, in order to obtain an upper bound for (|25p we need to estimate 
four different integrals. The first one simply gives y/3^ — CiN^^ ^ and the 
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second -Prli~M^ — DiN^ , for large N. For the third one, we make a 



A-ql-'N 



change of variables, u = N-it and get 

l3NNi , 

^ / !^ — ^ — dt = EN-r / 1^^ L — du 

Jo (l-t2_Art4)2n-c-2 y {1-U'^N~2 _u4)2n-c-2 

<EiiV^, 
since PnN^ — > 1 as A^ — > oo and the integral L 2 — du converges. 

We apply the same change of variables, u = N^t, for the last integral and 

q 1 

find that it is comparable to A^4~^. 

(26) 
The integrand in the latter is a positive increasing function of u and (3^^* — 
1 as A'^ — > oo. So, we can roughly bound the integral from below by a pos- 
itive constant and have that equation (I26p is greater than FiN i , where 
Fi >0. 

In the second interval, we use the fact that A£)H,a{td) < ^D,_ff,a(0) since 
central sections have maximum volume. Then, since t « 1, we have that 

/■"jv / +2, 

< / t-5-1 ( \ + e ^) t^dt < A / t-'i-'dt. 

- Jp^ \2n-a-2 2{2n-a-4)J J/,^ 

Recall that a^ and (3^ are the positive solutions of the equations /(t) = 

and 1 — t^ — Nf^ = f^"*"^ respectively, and that for large N, a^ — N^i. 

Then, it is not difficult to see that 

fOLN A , 

see [KYY, p. 204] for details. 

Lastly, for the interval [aN,oo), we use the fact that A£)^Hi:,aitO) = 0. 
Then, we have that 

f-oo ^2, 



°°- t-'i-^ (2 a \t-9+i 



ojv 



+ 



2n-a-2 V2n-a-2 2n-a-AJ 2 



dt 



'1 _L zi„^,-9+2 



1 . ,.9-2 



Aia'J + ^2a"''^ ^ -AiN-^ + A2N— , 
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where Ai,A2 > 0. 

Combining all the above estimations, for N large enough, we obtain the 
following upper bound for the integral in (j24p . 

< CiN-^ + DiN^ + EiN^ - FiiVf ^1 + AN'^ - AiN^ + A2N^ , 

which clearly shows that it is negative since all the constants are positive 
andgG (2,3). 

D 
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